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Fringe pattern normalization consists in the background suppression and modulation normalization of a given
fringe pattern, this process gives as a result a pure sinusoidal phase modulated signal. Normalization is an important
operation in the demodulation of the phase from a single fringe pattern where spatially varying background and/or
modulation act as error sources. The solution proposed is a direct and isotropic operator, based on the application of an
n-dimensional quadrature transform. We have applied the method to simulated as well as experimental data with good
results.
 2003 Published by Elsevier B.V.1. Introduction
In the first approximation it is possible to model
the irradiance distribution of a given fringe pattern
as an n-dimensional phase modulated signal given
by
IðrÞ ¼ bðrÞ þ mðrÞ cos/ðrÞ; ð1Þ
where I is the irradiance, b the background, m the
modulation, / the modulating phase and
r ¼ ðx1; . . . ; xnÞ denotes an n-dimensional position
vector (for example, in a temporal experiment
where a series of images are obtained n ¼ 3 and
r ¼ rðx; y; tÞ being t the time and x, y the spatial* Corresponding author. Tel.: +34913944555; fax:
+34913944678.
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doi:10.1016/j.optcom.2003.07.014coordinates). Usually, in this model the modulat-
ing phase is associated to the physical magnitude
to be measured and the background and the
modulation are associated to environmental con-
ditions, as illumination setup or object reflectance,
for example.
In recent times, several methods have been de-
veloped for the phase demodulation from a single
fringe pattern as given by Eq. (1) [1–3]. Although,
originally, these methods were developed for the
demodulation of 2D fringe patterns, the extension
to an n-dimensional case is possible in the algo-
rithms proposed by Servin et al. [1] and Marroquin
et al. [2]. Very recently, Servin et al. [4] have pro-
posed a generalization of the work of Larkin et al.
[3] presenting a general n-dimensional quadrature
transform. In all these methods background and
modulation variations are considered as a source
of phase estimation errors, which must be filtered
before starting the demodulation process. This
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tion normalization is denominated fringe pattern
normalization. That is, the objective of a fringe
pattern normalization method is to obtain, from a
general signal given by Eq. (1), its normalized
version given by
IN ðrÞ ¼ cos/ðrÞ; ð2Þ
where the modulation is set arbitrarily to a con-
stant value of 1. Normalization methods can be
useful also in another fringe processing technique
as temporal phase sampling methods with tem-
poral variation of background and/or modulation
and fringe skeletonizing.
There exist several methods in the literature for
fringe pattern normalization [5–9]. Envelope de-
tection [5] and homomorphic processing of modu-
lation [6] need to have a good model of the spatial
distribution for both background, bðrÞ, and mod-
ulation, mðrÞ (for example, the illumination pro-
duced by an expanded laser beam can be modeled
as Gaussian), thus for a general case it is complex to
apply them. Local histogram modification [7] and
the modified regularized phase tracker for non-
normalized fringe patterns [8] are non-linear
methods for which the output depends strongly on
the fringe-patterns spatial structure, making them
to be far from being direct techniques. The appli-
cation of 2D Schlieren filtering [9] is a direct method
but it suffers of spatial anisotropy in the resulting
normalized fringe pattern due to the frequency
structure of the corresponding filters. Finally, all
the mentioned methods are difficult to extend to a
general n-dimensional fringe pattern. In this work,
we propose a fringe pattern normalization method
that overcomes the mentioned drawbacks: it is di-
rect, isotropic and automatically applicable to a
general n-dimensional fringe pattern.
This work is organized as follows: in the fol-
lowing section we present the theoretical founda-
tions of the method. In this section a brief
introduction to the n-dimensional quadrature
transform of Servin et al. [4] is made in order to
clarify the role of the fringe orientation in the
normalization method presented in this work, in
particular we will show that the computation of
the fringe orientation is not necessary for the
normalization process, making possible a directand computationally simple implementation of the
proposed method. In Section 3, we test the nor-
malization algorithm with a simulated and a real
fringe pattern and finally conclusions are given in
Section 4.2. Theoretical foundations
2.1. The general n-dimensional quadrature trans-
form
Given that the proposed normalization method
is derived from the n-dimensional quadrature
transform proposed in [4], we briefly review the
theory behind this n-dimensional quadrature
transform.
The aim of any n-dimensional quadrature op-
erator Qnfg is to transform a given pattern into its
quadrature. If we assume that the background is a
spatially smooth function we can remove it by
using a high-pass filter. If we denote by IHP the
high-pass filtered background-suppressed version
of the irradiance signal given by Eq. (1), then
IHPðrÞ ¼ mðrÞ cos/ðrÞ ð3Þ
and
QnfIHPðrÞg ¼ mðrÞ sin/ðrÞ: ð4Þ
With this quadrature signal one can easily deter-
mine the phase /ðrÞ over the whole region of
interest.
Knowing that in most practical situations the
modulation mðrÞ is a low frequency signal the
gradient of IHP can be well approximated by
rIHPðrÞ ¼ mðrÞ sin½/ðrÞr/ðrÞ; ð5Þ
if we multiply both sides of Eq. (5) by r/ðrÞ and










¼ mðrÞ sin½/ðrÞ ð6Þ
(note the vectorial character of the irradiances
gradient, thus the product by n/ is a dot product
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to see that the quadrature operator is composed of
two terms, an orientation term n/ and a vector
field HnfIHPg ¼ rIHP=jr/j, we will proceed now
to clarify their meaning.
The second term HnfIHPg ¼ rIHP=jr/j is a
non-linear operator that can be interpreted as the
n-dimensional generalization of the 1D Hilbert
operator [4]. To our knowledge there exist two
main ways to compute this field. The first way
consists in the estimation of jr/j and further
calculation of Hnfg. This operation can be carried
out with several techniques as, for example, the
regularized method of Marroquin et al. [10] or the
multichannel Gabor filter technique of Asundi and
Jun [11]. The other possibility is to approximate
the frequency response of Hnfg by n 1D Reisz
filters along each spectral coordinate [3,4]. In ef-
fect, if we consider the fringe pattern as piecewise
monochromatic, and a given filter with frequency
response HðqÞ, where q ¼ ðu1; . . . ; unÞ is the posi-
tion vector in the spectral domain, we can use the
next approximation [4]
FT1fHðqÞFTfIðrÞgg  HðxðrÞÞIðrÞ; ð7Þ
that can be rewritten as
HðqÞFTfIðrÞg  FTfHðxðrÞÞIðrÞg; ð8Þ
where xðrÞ ¼ ðx1ðrÞ; . . . ;xnðrÞÞ are the local spa-





















Eq. (10) states that the frequency response of
Hnfg can be estimated by n 1D Reisz filters along
each spectral coordinate, under the approxima-
tions explained above. This result was first ob-
tained heuristically in 2D by Larkin et al. [3] and
generalized, as presented, by Servin et al. [4]. From
(10) it can be seen that the implementation ofHnfg with Reisz filters is an isotropic (there is
only one singularity at the origin) generalization to
n dimensions of the 1D Hilbert transform, and has
the advantage that can be computed by fast Fou-
rier transform methods, for these reasons in this
work we will adopt this solution for the compu-
tation of Hnfg.
The first term of Eq. (6) n/ðrÞ ¼ r/ðrÞ=jr/ðrÞj
is a unit vector normal to the corresponding iso-
phasic contours, which points in the direction of
r/ðrÞ. For example, in 2D, this vector points in
the direction of the modulo 2p fringe orientation
angle hð2pÞ [12], which is given by tan½hð2pÞ ¼
o/=oy=o/=ox. In n-dimensions, it is worth to







where ek; k ¼ 1; . . . ; n is a orthonormal base in the
direct space and cð2pÞk are the direction cosines
given by





where að2pÞk ; k ¼ 1; . . . ; n are the modulo 2p orien-
tation angles.
Unfortunately, there is no direct way (e.g., a
linear transformation) to obtain n/ from a single-
image fringe pattern with closed fringes. And this
is the reason of the fundamental ambiguity in the
global sign of the demodulated phase by using the
quadrature operator Qnfg.
2.2. Fringe pattern normalization by the n-dimen-
sional quasi-quadrature transform
As mentioned above, it is not possible to find a
linear system to calculate the orientation field n/
for an image with closed fringes. The reason is
that the phase / is wrapped by the observation
process, so we do not have access to it (otherwise
the problem of phase demodulation and
normalization would be solved). To obtain the
orientation field we have only access to the irra-
diance image and its gradient. Let us compute a
new set of direction cosines computed from
the irradiances gradient instead of the phases
gradient:
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oI=oxk
jrIðrÞj : ð13Þ
If we assume, as before, that the modulation
mðrÞ and the background bðrÞ are spatially








and according to Eq. (12)
ck ¼ sign½sin/cð2pÞk : ð15Þ
Then, if we compute the orientation field from






ckek ¼ sign½sin/n/ðrÞ: ð16Þ
From Eq. (16) we see that ~n/ and n/ have the
same orientation but opposite direction every time
the sin/ changes its sign. Due to this sign change,
using ~n/ instead of n/ gives place to a new oper-
ator, we have called quasi-quadrature operator,
eQnfIHPg ¼ ~nðrÞ HnfIHPg ð17Þ
that using Eq. (16) is given byeQnfIHPðrÞg ¼ sign½sin/mðrÞ sin/ðrÞ: ð18Þ
Finally, if we compute the modulating phase
using this quasi-quadrature term we obtain




¼ sign½sin/W f/g; ð19Þ
where W fg denotes the wrapping operator [13].
From Eq. (19) we see that the phase maps
W f ~/g and W f/g only differ in sign every time
sin/ changes its sign. In consequence from W f ~/g
we can compute the normalized version of IðrÞ
as
IN ðrÞ ¼ cos½W f ~/ðrÞg ¼ cos/ðrÞ: ð20Þ
From a practical point of view the computation
of the orientation field ~n/ is not necessary for the
normalization, from (13) and (17) the quasi-
quadrature operator is given by
eQnfIg ¼ rIjrI j  rIjr/j ¼ jrI jjr/j ; ð21Þthen, finally the general expression used to com-
pute the quasi-quadrature operator iseQnfIHPg ¼ jHnfIHPgj; ð22Þ
where as before Hnfg is the n-dimensional Hilbert
operator used. Eq. (22) states that the quasi-quad-
rature operator does not depend on the orientation;
in consequence the normalized fringe pattern has
no error related with the orientation term. The only
error remaining is the one that comes from the
approximation used for the computation of the
Hilbert operator HnfIHPg ¼ rIHP=jr/j. For ex-
ample, in the normalization technique presented in
[9] Hnfg was implemented as a 2D Schlieren filter,
making necessary the use of two orthogonal direc-
tions to compensate for the poor response of the
Schlieren filter along the spectral discontinuity.
The solution proposed is direct (two linear op-
erators consisting in the high-pass filter to generate
IHP and the Reisz filter implementation for the
Hilbert operator Hnfg given by Eq. (10)) and
isotropic (given that the high-pass filter used is also
isotropic, for example, a circular top hat). Finally,
the normalization method proposed is automati-
cally applicable in any n-dimensional case.
Another interesting point of the proposed
method is that we can compute a reliability map of
the recovered normalized fringe pattern. This
quality map can be estimated from the modulation




I2HP þ ðeQnfIHPgÞ2q ; ð23Þ
This field includes both the modulation of the
original fringe pattern as well as the frequency
response of the filter used to implement the quasi-
quadrature filter eQnfg (in our case the response
corresponding to the Reisz filters used to compute
Hnfg). As the quasi-quadrature filter eQnfg does
not depend on the orientation field the modulation
mN has no errors related with it. The modulation
computed by Eq. (23) can be used to segment the
normalized fringe pattern, making possible the
automatic definition of the region of interest,
which could be used by a demodulation algorithm.
Eq. (23) is an n-dimensional formula to obtain the
modulation of a high-pass filtered fringe pattern
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demodulation technique presented in [3], when the
operator eQnfg is implemented with Reisz filters.
It is worth mentioning that the proposed nor-
malization technique is equivalent to a modulation
division (as it should be). From (19) and (20), we
can write
IN ¼ cos/ ¼
IHPffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi




Eq. (24) states that the cosðarctanðeQnfIHPg=IHPÞÞ
method is equivalent to estimate the modulationFig. 1. (a) Simulated fringe pattern with spatially varying background
Fig. 2. (a) Normalized image, corresponding to Fig. 1(a), obtained b
malized image shown in (a). Dark and bright areas correspond to lowmN and normalize IHP with respect to it. Although
mathematically equivalent, there are computa-
tional differences between the proposed normali-
zation method and the modulation division. The
first difference is the possible division by zero that
can happen in the modulation division being in this
case automatically managed by the atan2ðÞ C/
C++ function. The second is that the proposed
technique guarantees normalization between )1
and 1 through the cosðW fe/gÞ computation, this
being very useful in several phase demodulation
techniques.and modulation. (b) ModulationmðrÞ of the fringe pattern of (a).
y the proposed method. (b) Quality map obtained for the nor-
and high values, respectively.
Fig. 3. Profile along column 80 for the non-normalized fringe
pattern of Fig. 1(a) (dot line), the normalized fringe pattern
shown in Fig. 2(a) (continuous line) and the theoretical fringe
pattern without background and normalized modulation (open
circles).
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For the examples shown in this section we have
computed the Hilbert operator Hnfg given by Eq.
(10). As high pass filter we have used a cosenoidal
shaped filter with cut-off frequency of 5 fringes/field.
The first example is a computer generated fringe
pattern given by
Iðx; yÞ ¼ round½128  mðx; yÞ þ 100  mðx; yÞ
 cos½40pðx2 þ y2Þ=N 2 þ f ðx; yÞ; ð25Þ
where N ¼ 256, x; y ¼ N=2; . . . ;N=2 1; f is a
zero mean, Gaussian distributed signal with a
standard deviation of 2, modeling additive elec-
tronic noise, m is a 2D sinusoidal image repre-
senting the modulation of the fringe pattern with
minimum value 0.1 and maximum value 0.8, and
round½ indicates the rounding to the nearest in-
teger operation. In this case, the modulation m has
a spatial frequency of 1 fringe/field in both direc-Fig. 4. (a) B-band of a RGB isochromatic fringe pattern correspon
pattern computed from (a). (c) Quality map obtained from the norm
normalized isochromatic fringe pattern of (a) (dot line) and the normtions and the fringe pattern has a spatial frequency
content that covers the range from 0 to 20 fringes/
field (in the x and y axes), thus there exists some
spectral overlapping between m and I . Fig. 1(a)
shows the 256 256 simulated fringe pattern gen-
erated by Eq. (25), the used modulation m isding to a diametrally compressed disk. (b) Normalized fringe
alization process for (b). (d) Profile along line 250 for the non-
alized image of (b) (continuous line).
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fringe computed by Eq. (20) and Fig. 2(b) the re-
liability map computed by (23) (note the scaling
factor of 100 in Eq. (25)). In Fig. 2(b) it can be
observed that the quality map reflects the com-
bined effects of the modulation of the original
fringe pattern and the frequency response of the n-
dimensional quasi-quadrature operator, this be-
havior is especially visible in the central part of the
fringe pattern where the local spatial frequency is
close to zero. Fig. 3 shows a comparison of the
profiles along column 80 of the original irradiance,
the normalized irradiance and the original simu-
lated irradiance without noise-modulation.
The second example is an experimental iso-
chromatic fringe pattern obtained in a photoelastic
experiment. The sample is a diametrally com-
pressed disk, observed in the transmission mode in
the circular dark field configuration of a circular
polariscope [14]. Fig. 4(a) shows a 512 512 image
corresponding to the B band of an RGB image
captured with a 3 chip RGB-CCD, due to the il-
luminants spectrum the B band of the isochro-
matic pattern shows a periodic lack of modulation
clearly visible in Fig. 4, this effect is specially re-
markable in the zone near the contact point where
the highest spatial frequencies are present. Figs.
4(b) and (c) show the normalized fringe pattern
and the quality map obtained by our method, re-
spectively (note that the quality map is not nor-
malized as in the former example). Fig. 4(c) shows
again the effects of the modulation bands corre-
sponding to the isochromatic fringe pattern and
the response of the quasi-quadrature filter. Finally,
Fig. 4(d) shows a comparison of the profiles along
row 250 for the non-normalized and the normal-
ized fringe patterns of Figs. 4(a) and (b).4. Conclusions
We have presented a new fringe n-dimensional
fringe pattern normalization algorithm based inthe use of the so-called n-dimensional quasi-
quadrature transform. The method is direct and
also due to the properties of the n-dimensional
Hilbert operator used the proposed method is
isotropic. We have tested the algorithm with real
data obtaining good results.Acknowledgements
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